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In this article, we present several new inequalities involving the κ-fractional integral for the integrable functionF which satisfies
one of the following conditions: (a) |F|q is preinvex for some q> 1; (b) F′ is bounded; (c) F′ is a Lipschitz function. As
applications, we establish new inequalities for the weighted arithmetic and generalized logarithmic means.
1. Introduction
Let E⊆R be a nonempty interval. -en, a real-valued
function f: E⟶ R is said to be convex (concave) on E if
the inequality
f[λσ +(1 − λ)τ]≤ (≥)λf(σ) +(1 − λ)f(τ), (1)
takes place for any σ, τ ∈ E and 0≤ λ≤ 1.
We all know that the convexity theory has penetrated
into every branch of pure and applied mathematics [1–20],
and it has more and more practical applications in physics,
mechanics, statistics, operations research, and even in
economics and meteorology [21–40]. Many remarkable
inequalities inmathematics, control theory, and game theory
can be found in the literature [41–60] by use of the convexity
theory. In the past half century, to research the general-
izations and variants for the convexity has always been a hot
topic for mathematicians and physicists as well as engineers.
Recently, a great deal of generalizations and variants has
been made for the convexity, for example, the GA-convexity
and GG-convexity [61], s-convexity [62, 63], preinvex
convexity [64], strong convexity [65–68], and Schur con-
vexity [69].
When we talk about convex functions, we have to
mention a classical and most important inequality, which is
the well-known Hermite–Hadamard inequality [70] which














holds for all ε, ζ ∈ J with ε≠ ζ if F: J⟶ R is a convex
(concave) function on J and J⊆R is a nonempty interval.
For a long time, numerous researchers have been devoted to
the generalizations, improvements, refinements, and vari-
ations for inequality (2) [71–73].
-e aim of this article is to provide new Hermite–
Hadamard-type inequalities for certain classes of functions
via the κ-fractional integral and give their applications to the
bivariate means.
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In order to clearly describe and prove our main results in
the next sections, we have to recall some definitions which
we present in this section.
Definition 1. Let Ω⊆Rn be a nonempty set and
η: Ω ×Ω⟶ Rn be a mapping. -en, Ω is said to be an
invex set with respect to the mapping η if
ε + θη(ζ , ε) ∈ Ω, (3)
for all ε, ζ ∈ Ω and θ ∈ [0, 1].
Definition 2. Let Ω⊆Rn be an invex set with respect to the
mapping η: Ω ×Ω⟶ Rn. -en, the mapping φ: Ω⟶ R
is said to be preinvex with respect to the mapping η if the
inequality
φ(ε + θη(ζ , ε))≤ (1 − θ)φ(ε) + θφ(ζ), (4)
holds for all ε, ζ ∈ Ω and θ ∈ [0, 1].
Definition 3 (see [74]). Let β, κ> 0, ε, ζ ∈ R with ε< ζ, and














(x − τ)(β/κ)− 1F(τ)dτ,
κT
β














is the κ-gamma function.
2. Main Results
-roughout this section, we always assume that Z∗ is the set
of positive integers, β, κ> 0, θ ∈ [0, 1], Ω⊆R is an open
invex set with respect to the mapping η: Ω ×Ω⟶ R\ 0{ },
ε, ζ ∈ Ω with ε< ζ, and F: Ω⟶ R is a differentiable
mapping such that F′ is integrable on [ε, ε + η(ζ, ε)] for
η(ζ , ε)> 0, and
Λη(β, κ, θ; x) � (1 − θ)





(η(x, ε))β/κ F ε +
1
n + 1
η(x, ε)􏼒 􏼓 + F ε +
n
n + 1
η(x, ε)􏼒 􏼓􏼚 􏼛􏼔
+(η(ζ , x))β/κ F x +
n
n + 1
η(ζ, x)􏼒 􏼓 + F x +
1
n + 1
η(ζ , x)􏼒 􏼓􏼚 􏼛􏼕
−




(ε+η(x,ε))− F ε +
n
n + 1











η(ζ, x)􏼒 􏼓 + κT
β





Lemma 1. Let Λη(β, κ, θ; x) be defined by (7). Fen, we have
the identity
Λη(β, κ, θ; x) �
(η(x, ε))β/κ




τβ/κ − θ􏼐 􏼑F′ ε +
n + τ
n + 1
η(x, ε)􏼒 􏼓dτ − 􏽚
1
0










τβ/κ − θ􏼐 􏼑F′ x +
n + τ
n + 1




τβ/κ − θ􏼐 􏼑F′ x +
1 − τ
n + 1
η(ζ , x)􏼒 􏼓dτ􏼩.
(8)
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(1 − θ)F(x + η(ζ, x)) + θF x +
n
n + 1
η(ζ , x)􏼒 􏼓􏼔
−









-erefore, identity (8) follows from multiplying (9) and
(10) by (η(x, ε))β/κ+2/[(n + 1)η(ζ, ε)], multiplying (11) and
(12) by (η(ζ, x))β/κ+2/[(n + 1)η(ζ , ε)], and then adding
them. □
Remark 1. Lemma 1 leads to the conclusions as follows:
(i) Let n � 1.-en, Lemma 1 leads to Lemma 2.1 of [75].
(ii) Let η(ω, υ) � ω − υ. -en, one has
Λ(β, κ, θ; x) � (1 − θ)





(x − ε)β/κ F
nε + x
n + 1
􏼒 􏼓 + F
nx + ε
n + 1
􏼒 􏼓􏼚 􏼛 +(ζ − x)β/κ F
x + nζ
n + 1
􏼠 􏼡 + F
nx + ζ
n + 1
􏼠 􏼡􏼨 􏼩􏼢 􏼣
−
(n + 1)β/κΓκ(β + κ)
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(iii) If θ � 0 and β � κ � 1, then (13) reduces to
Λ(1, 1, 0; x) � F(x) +










(iv) If θ � 1 and β � κ � 1, then (13) becomes
Λ(1, 1, 1; x) �










(v) If η(ω, υ) � ω − υ and n � 1, then Corollary 2.1 of
[75] can be derived from Lemma 1.
Theorem 1. Let p, q> 1 such that 1/p + 1/q � 1 and |F|q be
preinvex on Ω. Fen, the inequality




(β, κ, θ, p)
|(η(x, ε))|(β/κ)+1





























































holds for all x ∈ [ε, ε + η(ζ , ε)], where
Ψ(β, κ, θ, p) �
κ
βp + κ
, θ � 0,
κ 1 − 2θβp+κ/β􏼐 􏼑
βp + κ
+ 2θβp+κ/β − θp, 0< θ< 1,
Γ(p + 1)Γ((β/κ) + 1)
Γ((β/κ) + 1 + p)















4 Journal of Function Spaces
Proof. It follows from Lemma 1 and the preinvexity of |F|q
together with the Hölder’s inequality that







































































































































































































Γ(p + 1)Γ((β/κ) + 1)
Γ((β/κ) + 1 + p)
, (22)









κ 1 − 2θ(βp+κ)/β􏼐 􏼑
βp + κ
+ 2θ(βp+κ)/β − θp,
(23)
for 0< θ< 1.
-erefore, inequality (16) can be derived from the above
inequalities and identities. □
Remark 2. -eorem 1 leads to the conclusion as follows:
(i) -eorem 2.1 of [75] can be obtained from-eorem 1
if we take n � 1.
(ii) If θ � κ � 1 and η(ω, υ) � ω − υ, -eorem 1 reduces
to
|Λ(β, 1, 1: x)| �




(n + 1)βΓ(β + 1)
























Γ(p + 1)Γ(β + 1)
Γ(p + β + 1)(n + 1)(1/q)+12(1/q)
(x − ε)β+1
ζ − ε




|F(ζ)|q +(2n + 1)|F(x)|q( 􏼁1/q + (2n + 1)|F(x)|q +|F(ζ)|q( 􏼁1/q􏽮 􏽯􏼩.
(24)
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(iii) Let n � 1. -en, (24) leads to Corollary 2.2 of [75].
Theorem 2. Let q> 1 and |F|q be preinvex on Ω. Fen, the
inequality













































































τ τβ/κ − θ
􏼌􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼌dτ �







Proof. It follows from Lemma 1 and the preinvexity of |F|q
together with the power-mean inequality that







































τβ/κ − θ􏼐 􏼑
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τβ/κ − θ􏼐 􏼑
􏼌􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼌dτ + n 􏽚
1
0










τβ/κ − θ􏼐 􏼑
􏼌􏼌􏼌􏼌􏼌











































τβ/κ − θ􏼐 􏼑
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τβ/κ − θ􏼐 􏼑
􏼌􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼌dτ + n 􏽚
1
0










τβ/κ − θ􏼐 􏼑
􏼌􏼌􏼌􏼌􏼌













τβ/κ − θ􏼐 􏼑dτ + 􏽚
1
0
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Substituting the above inequalities in (27), we get in-
equality (25). □
Remark 3. From -eorem 2, we have two conclusions as
follows:
(i) If n � 1, then we get -eorem 2.2 of [76].
(ii) If θ � κ � 1 and η(ω, υ) � ω − υ, then
|Λ(β, 1, 1; x)|≤
1
(2(β + 2))1/q(ζ − ε)
β
(n + 1)(β + 1)
􏼠 􏼡
1+(1/q)











































Theorem 3. If r,R ∈ (0,∞)with r<R, and r≤F′(y)≤R
for all y ∈ [ε, ε + η(ζ, ε)], then we have
Λη(β, κ, θ; x)
􏼌􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼌≤
(η(x, ε))β/κ +(η(ζ, x))β/κ􏽨 􏽩(R − r)
(n + 1)(η(ζ , ε))
·




Proof. It follows from Lemma 1 that
Λη(β, κ, θ; x) �
(η(x, ε))β/κ




τβ/κ − θ􏼐 􏼑 F′ ε +
n + τ
n + 1







τβ/κ − θ􏼐 􏼑 F′ ε +
1 − τ
n + 1










τβ/κ − θ􏼐 􏼑 F′ x +
n + τ
n + 1







τβ/κ − θ􏼐 􏼑 F′ x +
1 − τ
n + 1
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􏼌􏼌􏼌􏼌􏼌 F′ ε +
n + τ
n + 1











􏼌􏼌􏼌􏼌􏼌 F′ ε +
1 − τ
n + 1














􏼌􏼌􏼌􏼌􏼌 F′ x +
n + τ
n + 1











􏼌􏼌􏼌􏼌􏼌 F′ x +
1 − τ
n + 1




























(η(x, ε))β/κ +(η(ζ, x))β/κ􏽨 􏽩(R − r)
(n + 1)(η(ζ , ε))
Φ1,
(35)
which completes the proof of -eorem 3. □
Remark 4. From -eorem 3, we get two conclusions as
follows:
(i) Let n � 1. -en, -eorem 3.1 of [75] can be derived
from -eorem 3.
(ii) If β � κ � 1 and η(ω, υ) � ω − υ, then -eorem 3
leads to
Λη(1, 1, θ; x)
􏼌􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼌 � (1 − θ)















(R + r) (x − ε)2 +(ζ − x)2􏼐 􏼑
(n + 1)(ζ − ε)




(iii) If n � 1, then (36) becomes Corollary 3.1 of [75].
(iv) If θ � 0, then (36) leads to












(R + r) (x − ε)2 +(ζ − x)2􏼐 􏼑
2(n + 1)(ζ − ε)
.
(37)
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(v) If θ � 1/2, then (36) leads to the conclusion that
􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x − ε) F(ε) + F(x){ } +(ζ − x) F(ζ) + F(x){ }
2(ζ − ε)
+











(R + r) (x − ε)2 +(ζ − x)2􏼐 􏼑
4(n + 1)(ζ − ε)
. (38)
(vi) If θ � 1, then (36) gives












(R + r) (x − ε)2 +(ζ − x)2􏼐 􏼑
2(n + 1)(ζ − ε)
.
(39)
Theorem 4. If F′ is a Lipschitz function on Ω with the
Lipschitz constant L> 0, then the fractional integral
inequality
Λη(β, κ, θ; x)
􏼌􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼌≤L
(η(x, ε))(β/κ)+2 + L(η(ζ , x))(β/κ)+2


















holds for x ∈ [ε, ε + η(ζ , ε)].
Proof. It follows from Lemma 1 that
Λη(β, κ, θ; x) �
(η(x, ε))(β/κ)+1








− F′ ε +
1 − τ
n + 1
η(x, ε)􏼒 􏼓􏼛dτ􏼩 −
(η(ζ, x))(β/κ)+1
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Since F′ is a Lipschitz function on [ε, ε + η(ζ , ε)] with




















η(ζ, x)􏼒 􏼓 − F′ x +
1 − τ
n + 1




2τ + n − 1
n + 1
􏼒 􏼓(η(ζ , x)).
(43)
-erefore, one has












































2τ + n − 1
n + 1
􏼒 􏼓
(η(x, ε))(β/κ)+2 +(η(ζ , x))(β/κ)+2



















(η(x, ε))(β/κ)+2 +(η(ζ , x))(β/κ)+2


















Remark 5. From -eorem 4, we clearly see that the fol-
lowing six results are true:
(i) If n � 1, then we get
Λη(β, κ, θ; x)
􏼌􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼌≤L
(η(x, ε))(β/κ)+2 +(η(ζ , x))(β/κ)+2
2(η(ζ , ε))
􏼢 􏼣







(ii) If η(ω, υ) � ω − υ, then (45) becomes
|Λ(β, κ, θ; x)|≤L
(x − ε)(β/κ)+2 +(ζ − x)(β/κ)+2
2(ζ − ε)
􏼢 􏼣







(iii) If β � κ � 1, then (46) reduces to
|Λ(1, 1, θ; x)|≤L
(x − ε)3 +(ζ − x)3
(ζ − ε)
􏼢 􏼣




(iv) If θ � 0, then inequality (47) leads to
|Λ(1, 1, 0; x)| �
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(vi) If θ � 1, then inequality (47) becomes
Λ(1, 1, 1; x) �














3. Applications to Special Bivariate Means
A bivariate function Υ: (0,∞) × (0,∞)⟶ (0,∞) is said
to be a mean if min ε, ζ{ }≤Υ(ε, ζ)≤max ε, ζ{ } for all
ε, ζ ∈ (0,∞). It is well known that the bivariate means are
closely related to the special functions. Recently, the in-
equalities between different bivariate means have attracted
the attention of many researchers [77–82].
In this section, we use our obtained results in Section 2 to
provide two new inequalities between the weighted arith-
metic mean
A ε, ζ; w1, w2( 􏼁 �
w1ε + w2ζ
w1 + w2
ε, ζ, w1, w2 > 0( 􏼁 (51)
and sth generalized logarithmic mean
Λs(ε, ζ) �
ζs+1 − εs+1
(s + 1)(ζ − ε)
􏼢 􏼣
1/s
(ε, ζ > 0, ε≠ ζ , s ∈ Z\ − 1, 0{ }).
(52)
Theorem 5. Let p, q> 1 with 1/p + 1/q � 1, ε, ζ > 0 with
ε≠ ζ, and s≥ 2 be a positive integer. Fen, one has
Λ As(ε, ζ, 3, 1)
􏼌􏼌􏼌􏼌 ,A
s






























; 3, 1􏼠 􏼡
+A





, |ζ|q(s− 1); 1, 3􏼠 􏼡
+ A





, |ζ|q(s− 1); 3, 1􏼠 􏼡􏼣.
(53)
Proof. Let β � κ � θ � 1, η(ω, υ) � ω − υ, and F(x) � xs.
-en, -eorem 5 follows from -eorem 1. □
Theorem 6. Let p, q> 1 with 1/p + 1/q � 1, ε, ζ > 0 with
ε≠ ζ, and s≥ 2 be a positive integer. Fen, one has
Λ As(ε, ζ, 3, 1) ,As


























; 8, 3􏼠 􏼡
+A





, |ζ|q(s− 1); 3, 8􏼠 􏼡
+ A





, |ζ|q(s− 1); 8, 3􏼠 􏼡􏼣.
(54)
Proof. -eorem 6 follows directly from-eorem 2 if we take
β � κ � θ � 1 and η(ω, υ) � ω − υ together with
F(x) � xs. □
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